This work introduces a new way to use Fourier spectral method for CFD with non-periodic boundary conditions. First, the original function is normalized and then a smooth buffer polynomial is developed to extend the normalized function. The new function will be smooth and periodic, which is easily to be treated by standard FFT for high resolution. This method has obtained high order accuracy and high resolution with a penalty of 25% over standard Fourier spectral method, as shown by our examples. The method will be further used for simulation of transitional and turbulent flow.
I. Introduction
Spectral methods are a class of techniques used in applied mathematics and scientific computing to numerically solve certain partial differential equations (PDEs), and a popular one is Fourier Spectral Method which is involved in use of the Fast Fourier Transform (FFT) (Press et al, 1990; Kopriva., 2009 ). Fourier spectral methods have emerged as powerful computational techniques for the simulation of complex smooth physical phenomena. Since it's inception in early 1970's spectral methods have been extensively used to solve a lot of problems, such as turbulent flow. Orszag (1972) developed a Fourier series based method for solution of isotropic turbulence, which he termed as pseudo-spectral method. Since then many variants have been developed. Standard pseudo-spectral methods have some severe restrictions. The Fourier series based method imposes restriction on boundary conditions which must be periodic. Such a restriction cannot be applied to practical flows that usually have non-periodic boundary conditions. This raised a question whether we can modify and extend the function on the some domain and make the modified function to be periodic not only for the function values, but also for some orders of derivatives on the boundary. If the above problem can be solved, we can then use the classical Fourier spectral method to solve a lot of physical problems which do not have periodicity on the boundary. We know that even the function value itself (not derivative) is periodic on the boundary, the classical Fourier spectral method may still not work. Therefore, modifying the function and making the some orders derivatives of the function be periodic on the boundary is very important.
The effort in this work is focused on solving the above problems, trying to use the classical Fourier spectral method to get the accurate derivatives of a function which is not periodic on boundary. Instead of using the classical Fourier spectral method directly for the problem, we first modify and extend the original function to get a new extended function for which classical Fourier spectral method can be easily used. After getting the derivative of the new function, we then recover the derivative of the original function. 
II. Fourier Spectral
− , the discrete Fourier transformation (DFT) is defined as:
The inverse transformation is:
Traditional Fourier spectral method for derivatives
Traditional Fourier spectral method for derivatives is based on the Fourier interpolation and use DFT/FFT to get coefficients of the DFT the original function derivatives. The original function is approximated by (2.1), and hence the derivative is:
Therefore, if we want to get ' f , we first use FFT to get the coefficients of DFT of f , and then multiply each of them with the corresponding number ik . After we perform the inverse DFT by FFT, the derivatives are available.
III. Modified Fourier Spectral Method (MFSM)
The boundary condition for using standard Fourier spectral method is periodic, which is too restrictive. Even for simple functions like 2 , ( 1 1) y x x = − ≤ ≤ , with periodic boundary condition but non-periodic derivatives, the result is still a disaster, referring to the following sections. However, most of practical engineering problems have non-periodic boundary conditions. Therefore, it is very important to modify the Fourier spectral method so that it can be used for problems with non-periodic boundary conditions. This is the major purpose of the current work. This modified Fourier spectral method is called buffered Fourier spectral method or MFSM can be described by two steps: 1. Normalization 2. Smooth buffer extension 
Extended smooth buffer functions
In order to solve this Gibbs problem, we first split the original function with gaps ( Figure 3 .5). We then use a smooth polynomial to fill the gaps as a buffer zone (Figure 3 .6). Note that the function is periodic and we can then use 8 points, 4 points from left ends and 4 points from right ends to construct the buffer polynomial. Assume a= -1 and b=1, we can have following 8 points to construct the buffer polynomial (Figure 3 .7): can be determined by the given 8 points. Apparently, the buffer polynomial is determined by left and right ending 8 points and the length ofδ which determines the number of buffer points. Here we use δ =25% *(b-a). Actually, we obtain a new periodic function as shown in Figure 3 .8, which is periodic and at least 7 th order smooth and must be very easy for FFT to find interpolation and derivatives. The idea to construct an extended periodic function with high order polynomial as a buffer zone is the key of this MFSM method. Of course, the cost will be increased by 25% and the derivative obtained in buffer zone is non-physical and will be abandoned. However, the resolution will be orders high in comparison with regular finite difference for derivatives. . Here, we use linear function because it is easy to be constructed and the derivatives of a linear function are simple. By this procedure, the new function will be periodic in the function values on the boundary. The last step is to add a buffer domain (see section 3.1.2) to make the two ends of the function periodic not only for function value but also for the first, second, or even higher order derivatives. After doing all of these, we can use standard Fourier spectral method to get the derivatives for the new extended function F(x), which is periodic in function, first, second, and higher order derivatives. Then we can cut the added buffer part, and recover the derivative of the original function.
Normalization of the original function
For FFT, we have to set up a point number to be 2 N and we use 1 / 4 points of the whole number as the buffer. For example, if we set the whole number of points to be 64, the physical domain [ , ] a b occupies 48 points, and the number of buffer points is 16. One can change this if necessary. Note that the second step of normalizatrion is also important since the large difference between two end point values will cause a lot of oscillations, and it cannot be removed even more points are used to do the interpolation.
Following is an example to introduce our method. The function which we choose is
, which has large difference between two ends. 
The chart of MFSM
The whole procedure can be described by the following chart: The critical issue for high order CFD is to find an accurate approximation of derivatives for a given discrete data set. The computer does not know any physical process but accepts a discrete data set as input. The output is derivatives which are also a discrete data set. Therefore, it is critical to develop a high order scheme to achieve accurate derivative for a discrete data. ( ), [ , ] .
Derivative using MFSM
. , the central difference lost accuracy and the results are not acceptable, but our new method works very well. From these two graphs, we see that although we use only 48 points in [0, 6], our results are nearly the same as the exact solution (the blue one and the black one overlap each other), which means our new method has high order accuracy and high resolution. But the results approximated by central difference are not acceptable and even worse for higher frequencies (Figure 4.11b) . This clearly shows MFSM has much higher resolution than standard central finite difference schemes. 
